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Nonassociative Geometry
Curious Features of our Current Models

Diffeomorphisms

+— Coordinate Transformations
Gauge Transformations

—
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Coordinatizing a Geometry

X(p)e C°(M,R)
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X(p)e C*(M,R)—=x(p)e C*(M,A)
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When A is non-commutative & associative,

What happens to our usual geometric notions?

>

>

>

>

»

manifold

vector fields
differential forms
connections

metric

> ...

Non-commutative geometry gives us the tools...




Particle Physics, Cosmology & Noncommutative Geometry

Nonassociative Geometry
0000000000000 0000000000000000

The standard model as an NCG

| SUSY [ KK | GUT | NCG |

Strong & electroweak Unification
Gauge Gravity Unification
Gauge Higs Unification
Boson & Fermion Unification
Constrains charges & representations
Avoids unobserved massive states
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Q: Why doesn’t NCG help us make predictions?

A: It relies on too many assumptions:

Assumption H Reason ‘
Unimodularity Remove Unobserved U(1)
Symplectic Condition Remove unwanted U(1)
Internal KO-dimension = 6 Remove Fermion Quadrupling
Three Particle Generations Add particle trippling
Massless Photon Condition Remove Unwanted Scalars
Chiral Theory Match Observation
Associative Coordinate Algebra 777
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Example 1: Bison Algebra Bo

L lxol =i [ %o | x5 [ xa | x5 [ %6 [ x7 |
X0 || X0 | X1 X2 X3 X4 X5 X6 X7
X1 || X1 | X2 X3 | X0 | X5 | —X6 | X7 X4
Xo || X2 | =X3 | —X0| X1 | —X6 | X7 X4 | =X5
X3 [|X3| X0 | —X1| X2 X7 | =X4 | =X5 | X6
X4 || X4 | X5 X6 X7 | =X0 | —X1 | —X2 | —X3
X5 | X5 | X6 | =X7 | X4 | —X1 | X2 X3 X0
X6 || X6 | X7 | —X4 | —X5 | X2 X3 | =X0 | —X1
X7 || X7 | X4 | X5 X6 | —X3 | —X0 | —X1| X2
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Example 1: Bison Algebra Bo

Derivations on basis {x¢,X2,Xg,X4,X3,X1,X5,X7 }

So(x) =

Sa(x) =

-1

810x) =

93(x) =

1

Bonus: No need for Unimodularity or Symplectic condition.

Unifies U(1) x SU(2) algebraically, automatically chiral.
Compatible with J¥ =¥ =T"V.
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Example: Jordan Pati-Salam Ms(C) & Mo (C) @ My (C)

aL Wy  Wap  Waz  Wau
W31  W3p W3z Waq
IR _ _ Wa1  Wap Wiz Waa

u]
8
I
i
it
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Example: Jordan Pati-Salam M (C) & M; (C) @M (C)

Y11 Yo1 Y1 Yu
M Wiz Waoo W32 Yao
Wiz Yoz Wiz Y3
Wia Wou Waa  Wyu
Bonus: No need for Unimodularity or Symplectic condition.
Compatible with J¥ =¥ =T'V.

Gauge group ¢ = SUL(2) x SUR(2) x SU.(4)
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Example 2: Exceptional Jordan Algebra H3(O)
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a
A* b C
B* C*

A B

C

Bonus: SU(3) x SU(2) x U(1) as a subgroup, Three generations?
Compatible with J¥ =¥ =T¥.
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How do we build a Dirac operator on NCG?

Once we have an algebra A and representation H we:

1. Start with a big n x n matrix called D.

2. Set D=D'

3. Choose a KO-Dimension (along with a J and a I)
4. Set {D,I'} =0

5. Set DJ=¢€¢'JD

6. Set [[D,a],JbJ*] =0 for all a,b in A

7. Set {[D,al,J[D,b]J*} =0 for all a,b in A

8. Fluctuate D -+ Dy =D+ A +¢&'JAJ*
Build an action: S = Tr[f(Da/A)] +¥DAY
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How do we usually Build a Dirac operator?

First off, the ingredients: Gamma matrices

i ol 52
T
o _ T 1_ o o o
7—( — ) 7= — | 7=
T —5T

o o?
e y o 5
= —— |- r=|— I v
—o3 o ic?

These satisfy {y',7'} =28". We can then build:

I

. 4 (0 I - —Is
J=iy"y?y ocC—<]14 0 ) ecc I'= I

These satisfy: J2 =1, Jiy! =iy'J, Jl = -TJ — KO 6.

I
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How do we usually Build a Dirac operator?

Consider a connection on two different bases:

Vu(VY0y) = 9u(VY)9y = V'TRydp = [0 VY — VPT} ] 0y
—_—
D, VY
Vi(Ver) = 9u(VA)ea — VA“’EAGB = [du VA~V Ty glea

Dy VA
If these bases are related by vielbein ey = eﬁiaﬂ, then:

— EAGB =Vyea =Vy(eldy) =9, (epA)8p — eXFﬁvap

— a)”A—eBau(eA) eAFuve
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Nonassociative Geometry
How do we usually Build a Dirac operator?

Introduce the gamma matrices as a vielbein ¥ = (y*)%ex:

Vu(VPWa) = 9u(VPWL) % — VPW, 0518 + VEW,L 050

D, Ve

= [0,V = 05, VP B Wa + VPR [0u We + 65 W,

where (6,)2 = L(@uan[r*,7%])2.

D, W,
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Now we have the tools to build the Dirac action:

S :i/eAll__AGeAl A... NePS[PyAe DY — DPy o]
where e = eﬁdx“ and D = dx*D,,.
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Nonassociative Geometry
How do we usually Build a Dirac operator?

S = i6! / dSxel\ [Py D, ¥ — D, Py Y]

= i6! / dOx[Pytel 0¥ — 9, Wy e\ W — § el oumc{ v, [v°, Y71} ¥

Yoy
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How do we usually Build a Dirac operator?

ieh oupc{r Y% I =

o =28 o
o
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The Derivation based Calculus
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V = VA9, + V1§ = V2§, = &y.
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oy (f+g) = dvi+dvg
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év(f+g) =dvf+dvg
Oy wi = dyf+ owf.

— di(8v) = dv (6),
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Exact one Form: df = d,f® dx*

General one Form: o = @, ® dx*

where: dx(dy) = &'




Particle Physics, Cosmology & Noncommutative Geometry

Nonassociative Geometry

Differential Forms for coordinate algebra C*(M, Ap)

0000000000000 00e0000000000000

Exact one Form: df = d,f® dx* + 6f® El'=6,f®E®?
General one Form: 0 = o, @ dx* + oy ® E' = 0, ® E?

where: E*(0) = 6
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(product),

(nilpotency),
(Leibniz).
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Coordinate basis: V(V,E*) = [dV, —T2V},]E?
<

Frame basis: V(VAEA) =[dV, —COEVB]EA

"
Spin basis: V(V,WPE]) = [dVP —

05 VP IEg W,
m
+VPER[AW, +65 W]

"
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Nonassociative Geometry

VEY AEY = [ 34 (e)) +eh o, el | B AEY,

A
BpKIEI/\E” = [eAdu er) (efia)” gel — efia)IABeB
N ENE! = Koy gePEIAE,

)| ETAEH,
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The ‘Dirac’ Operator

0 ¢F MF 0 I,

11
ik {7y [y, Y = 16[ 8 8 ET IltL{
0 N ¢ 0 Ir

u]
8
I
i
it
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VV(E*) = —V(0REP) =

—(do’s + 005
Using the vielbein

B)E”

R = el |de(f%) — LT+ Ty b} epE°AE!
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So :/ao*(]I)—i—OcleAeB*(RAB)—i—OCQRABeC D*(RCDGAGB)—i-...
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Sqo = oo / «(I)
A A
— 1) (n) &, ay
= O‘O/gA(l)...A<n)ea(1) B, € WAL A m
=n!oc0/\e]d4xE(n_4)
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SQ1 = al/eCeD*(RCD)

= (n-2)ly / el [R -+ 20,1 @21 atxp =)
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Sqz = OCQ/RABeCeD*(RCDeAeB)

=4(n—4)!(x2/e

fablpy  [cd]
Riap) R

cdl Riap] [Cd]R[ab] fed] _ 4gled] ] Rict) @bl | gaxpn-9)
—_—————— ,
(1) 2) (3)
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(1) =R, ™R

[cd]
[ab]

[cd]
I JIK I JIK
_ (R(4))2 +4q)1( |JCI)K| )(R(4))2 +4q)1( qu) [K)

M| N|P)
Kk Py NPp
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) =R R,
= R[uv][pa]R[”V][p“]

+ (9B Wy B[p[IKBc]Kl

+ % (o 2B T

1 KJ L (M N)
—op ey, e M

- B“[U]F[ “a]) (a[pBO]IJ +BP B Byl )
Kl]J]
Pm

1J
-B, Moy ) (90 0M 4 2BP  GME - BPEMap )
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d ab)
@) =R R

—4WRIVAR,, 14 (q> J *‘I’K”@[pKJ]) (q,[P\IN@MlNM *‘I’NIM‘I’[PNM])

17 KJ I 1 KJ M u (N M) u N M
(auch B, +B, ko, )(9“<D v - 2B @ M+ BE Ne NM)A

I K
P %y
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Thankyou.
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