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Nonassociative Differential Geometry:
An Invitation.

Shane Farnsworth
Max-Planck Institue for Gravitational Physics

Work with Latham Boyle & Fredy Jimenez

November 27, 2018
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Particle Physics, Cosmology & Noncommutative Geometry

Nonassociative Geometry
Algebras
Dirac Operators
Vector Fields & Differential Forms
Boson Dynamics
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Particle Physics, Cosmology & Noncommutative Geometry
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Curious Features of our Current Models

Diffeomorphisms ←→ Coordinate Transformations

Gauge Transformations ←→ ?
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Curious Features of our Current Models

Ψα
i (x)
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Noncommutative Geometry
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Coordinatizing a Geometry
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Coordinatizing a Geometry
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

When AF is non-commutative & associative,

What happens to our usual geometric notions?
I manifold
I vector fields
I differential forms
I connections
I metric
I ...

Non-commutative geometry gives us the tools...
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

The standard model as an NCG

SUSY KK GUT NCG
Strong & electroweak Unification × × X ×

Gauge Gravity Unification × X × X
Gauge Higs Unification × X × X

Boson & Fermion Unification X × × ×
Constrains charges & representations × × X X

Avoids unobserved massive states × × × X
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Q: Why doesn’t NCG help us make predictions?

A: It relies on too many assumptions:

Assumption Reason
Unimodularity Remove Unobserved U(1)

Symplectic Condition Remove unwanted U(1)
Internal KO-dimension = 6 Remove Fermion Quadrupling
Three Particle Generations Add particle trippling
Massless Photon Condition Remove Unwanted Scalars

Chiral Theory Match Observation
Associative Coordinate Algebra ???
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Nonassociative Geometry



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Example 1: Bison Algebra B2

x0 x1 x2 x3 x4 x5 x6 x7

x0 x0 x1 x2 x3 x4 x5 x6 x7
x1 x1 x2 x3 −x0 x5 −x6 x7 x4
x2 x2 −x3 −x0 x1 −x6 x7 x4 −x5
x3 x3 x0 −x1 x2 x7 −x4 −x5 −x6
x4 x4 x5 x6 x7 −x0 −x1 −x2 −x3
x5 x5 x6 −x7 x4 −x1 x2 x3 x0
x6 x6 x7 −x4 −x5 x2 x3 −x0 −x1
x7 x7 −x4 x5 x6 −x3 −x0 −x1 x2
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Example 1: Bison Algebra B2

Derivations on basis {x0,x2,x6,x4,x3,x1,x5,x7}

δ0(x) =


−2

2
1

−1
1

−1


, δ1(x) =


1

−1
1

−1


,

δ2(x) =


1

1
−1

−1


, δ3(x) =


1

−1
−1

1


.

Bonus: No need for Unimodularity or Symplectic condition.
Unifies U(1)×SU(2) algebraically, automatically chiral.
Compatible with JΨ = Ψ = ΓΨ.
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Example: Jordan Pati-Salam M2(C)⊕M2(C)⊕M4(C)

π(a)Ψ =
1
2





qL

qR

M


,



Ψ11 Ψ12 Ψ13 Ψ14
Ψ21 Ψ22 Ψ23 Ψ24
Ψ31 Ψ32 Ψ33 Ψ34
Ψ41 Ψ42 Ψ43 Ψ44

Ψ11 Ψ21 Ψ31 Ψ41
Ψ12 Ψ22 Ψ32 Ψ42
Ψ13 Ψ23 Ψ33 Ψ43
Ψ14 Ψ24 Ψ34 Ψ44
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Example: Jordan Pati-Salam M+
2 (C)⊕M+

2 (C)⊕M+
4 (C)

π(a)Ψ =
1
2





qL

qR

M


,



Ψ11 Ψ12 Ψ13 Ψ14
Ψ21 Ψ22 Ψ23 Ψ24
Ψ31 Ψ32 Ψ33 Ψ34
Ψ41 Ψ42 Ψ43 Ψ44

Ψ11 Ψ21 Ψ31 Ψ41
Ψ12 Ψ22 Ψ32 Ψ42
Ψ13 Ψ23 Ψ33 Ψ43
Ψ14 Ψ24 Ψ34 Ψ44




Bonus: No need for Unimodularity or Symplectic condition.

Compatible with JΨ = Ψ = ΓΨ.
Gauge group G = SUL(2)×SUR(2)×SUc(4)
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Example 2: Exceptional Jordan Algebra H3(O)

 a A B
A∗ b C
B∗ C∗ c


Bonus: SU(3)×SU(2)×U(1) as a subgroup, Three generations?

Compatible with JΨ = Ψ = ΓΨ.



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

How do we build a Dirac operator on NCG?

Once we have an algebra A and representation H we:
1. Start with a big n×n matrix called D.
2. Set D = D†

3. Choose a KO-Dimension (along with a J and a Γ)
4. Set {D,Γ}= 0
5. Set DJ = ε ′JD
6. Set [[D,a],JbJ∗] = 0 for all a,b in A
7. Set {[D,a],J[D,b]J∗}= 0 for all a,b in A
8. Fluctuate D→DA = D+A+ ε ′JAJ∗

Build an action: S = Tr[f(DA/Λ)]+ΨDAΨ
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

How do we usually Build a Dirac operator?

First off, the ingredients: Gamma matrices

γ0 =

 − i
i

− i
i

 , γ1 =


σ1

σ1

−σ1

−σ1

 , γ2 =


σ2

σ2

σ2

σ2

 ,

γ3 =


σ3

σ3

−σ3

−σ3

 , γ4 =


σ2

−σ2

σ2

−σ2

 , γ5 =


iσ2

−iσ2

−iσ2

iσ2

 ,

These satisfy {γI,γJ}= 2δ IJ. We can then build:

J = iγ0γ2γ4 ◦ cc =
(

0 I4
I4 0

)
◦ cc, Γ =


I2
−I2

−I2
I2


These satisfy: J2 = 1, JiγI = iγIJ, JΓ =−ΓJ −→KO 6.
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

How do we usually Build a Dirac operator?

Consider a connection on two different bases:

∇µ(Vν∂ν) = ∂µ(Vν)∂ν −VνΓρ
µν∂ρ = [∂µVν −VρΓν

µρ ]︸ ︷︷ ︸
Dµ Vν

∂ν

∇µ(VAeA) = ∂µ(VA)eA−VAωB
µAeB = [∂µVA−VBΓA

µB]︸ ︷︷ ︸
Dµ VA

eA

If these bases are related by vielbein eA = eµ
A∂µ , then:

−ωB
µAeB = ∇µeA = ∇µ(eν

A∂ν) = ∂µ(eρ
A)∂ρ − eν

AΓρ
µν∂ρ

→−ωB
µA = eB

ρ ∂µ(eρ
A)− eν

AΓρ
µνeB

ρ
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

How do we usually Build a Dirac operator?

Introduce the gamma matrices as a vielbein γa
b = (γA)a

beA:

∇µ(VbWaγa
b) = ∂µ(VbWa)γa

b−VbWaθ c
µbγa

c +VbWaθ a
µcγc

b

= [∂µVc−θ c
µbVb]︸ ︷︷ ︸

Dµ Vc

γa
c Wa +Vbγc

b [∂µWc +θ a
µcWa]︸ ︷︷ ︸

Dµ Wc

where (θµ)
a
b = 1

8(ωµAB[γA,γB])a
b.
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How do we usually Build a Dirac operator?

Now we have the tools to build the Dirac action:

S = i
∫

εA1...A6eA1 ∧ ...∧ eA5 [ΨγA6DΨ−DΨγA6Ψ]

where eA = eA
µ dxµ and D = dxµDµ .
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

How do we usually Build a Dirac operator?

S = i6!
∫

d6xeµ
A[ΨγADµΨ−DµΨγAΨ]

= i6!
∫

d6x[ΨγAeµ
A∂µΨ−∂µΨγAeµ

AΨ− 1
8 Ψeµ

AωµBC{γA, [γB,γC]}Ψ︸ ︷︷ ︸
ΨΦΨ

]
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How do we usually Build a Dirac operator?

ieµ
AωµBC{γA[γB,γC]}Ψ =


0 Φ† M† 0
Φ 0 0 N†

M 0 0 ΦT

0 N Φ 0




lL
lR
lL
lR
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The Derivation based Calculus
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Tangent space for coordinate algebra C∞(M,R)

V = Vµ∂µ .
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Tangent space for coordinate algebra C∞(M,AF)

V = Vµ∂µ +VIδI = Vaδa ≡ δV.
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Differential Forms

δV(f+g) = δVf+δVg

δV+Wf = δVf+δWf.

→ df(δV)≡ δV(f),
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Differential Forms

δV(f+g) = δVf+δVg

δV+Wf = δVf+δWf.

→ df(δV)≡ δV(f),
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Differential Forms for coordinate algebra C∞(M,R)

Exact one Form: df = ∂µ f⊗dxµ

General one Form: ω = ωµ ⊗dxµ

where: dxµ(∂ν) = δ µ
ν
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Differential Forms for coordinate algebra C∞(M,AF)

Exact one Form: df = ∂µ f⊗dxµ +δIf⊗EI ≡ δaf⊗Ea

General one Form: ω = ωµ ⊗dxµ +ωI⊗EI = ωa⊗Ea

where: Ea(δb)≡ δ a
b
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Differential Forms (for Jordan coordinate algebras)

ωaEa×ω ′bEb ≡ (ωaω ′b)Ea∧Eb, (product),
d2 = 0, (nilpotency),

d(ω1×ω2) = d(ω1)×ω2 +(−1)|ω1|ω1×d(ω2), (Leibniz).

ω = ω1...nE1∧ ...∧En.



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.
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Connection Forms

Coordinate basis: ∇(VaEa) = [dVa︸︷︷︸
!!!

−Γb
aVb]Ea

Frame basis: ∇(VAEA) = [dVA︸︷︷︸
!!!

−ωB
AVB]EA

Spin basis: ∇(VαWβ Eα
β ) = [dVρ︸︷︷︸

!!!

−θ ρ
β Vβ ]Eα

ρ Wα

+Vβ Eρ
β [dWρ︸ ︷︷ ︸

!!!

+θ α
ρ Wα ]
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The Connection Γc
ab.

Γ ρ
µ νEµ ∧Eν =

[
eρ

A∂µ(eA
ν )+ eρ

Aω A
µ BeB

ν

]
Eµ ∧Eν ,

B K
µ IEI∧Eµ =

[
eK

Adµ(eA
I )+(eK

Aω A
µ BeB

I − eK
Aω A

I BeB
µ )
]

EI∧Eµ ,

Φ K
I JEI∧EJ = eK

Aω A
I BeB

J EI∧EJ,
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The ‘Dirac’ Operator

iΦIJK{γI[γJ,γK]}Ψ =


0 ϕ † M† 0
ϕ 0 0 N†

M 0 0 ϕT

0 N ϕ 0
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

Curvature of the Connection

∇∇(EA) =−∇(ωA
BEB) =−(dωA

B +ωA
CωC

B)EB =−RA
BEB.

Using the vielbein:

RA
B = eA

a

[
de(Γ a

f b)−Γ a
c bΓ c

e f +Γ a
e cΓ c

f b

]
eb

BEe∧Ef.
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Boson Dynamics

SΩ =
∫

α0 ⋆ (I)+α1eAeB ⋆ (RAB)+α2RABeCeD ⋆ (RCDeAeB)+ ...
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Particle Physics, Cosmology & Noncommutative Geometry Nonassociative Geometry

‘Cosmological Constant’ Term

SΩ0 = α0

∫
⋆(I)

= α0

∫
εA(1)...A(n)e

A(1)
a(1) ...a

A(n)
a(n) ea(1) ∧ ...∧ ea(n)

= n!α0

∫
|e|d4xE(n−4)
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‘Einstein Hilbert’ Mass Term

SΩ1 = α1

∫
eCeD ⋆ (RCD)

= (n−2)!α1

∫
|e|

[
R(4)+2Φ (I|

I JΦ J|K)
K

]
d4xE(n−4)
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‘Gauss–Bonnet’ Term

SΩ2 = α2

∫
RABeCeD ⋆ (RCDeAeB)

= 4(n−4)!α2

∫
e
[

R [ab]
[ab] R [cd]

[cd]︸ ︷︷ ︸
(1)

+R[ab][cd]R[ab][cd]︸ ︷︷ ︸
(2)

−4R[cd]
[ad]R

[ab]
[cb]︸ ︷︷ ︸

(3)

]
d4xE(n−4)
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(1) = R [ab]
[ab] R [cd]

[cd]

= (R(4))2 +4Φ (I|
I JΦ J|K)

K (R(4))2 +4Φ (I|
I JΦ J|K)

K Φ (M|
M NΦ N|P)

P
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(2) = R[ab]
[ef]R

[ef]
[ab]

= R[µν ][ρσ ]R[µν ][ρσ ]−Φ I
K (MΦ KJ

N)
ΦL (M

I ΦN)
LJ

+
(

∂[ρ B [IJ]
σ ]

+B [I
[ρ KB K|I]

σ ]
−B [IJ]

µ Γ µ
[ρ σ ]

)(
∂ [ρ Bσ ]

IJ +B[ρ|
ILBσ ]L

J +BνIJΓ[ρσ ]ν
)

+
1
2

(
∂ρ Φ [IJ]

M +2B [I
ρ KΦ K|J]

M −B K
ρ MΦ [IJ]

K

)(
∂ ρ ΦM

[IJ]+2Bρ
[I|LΦML

J]−BρLMΦL[IJ]
)
.
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(3) = 4R[cd]
[ad]

R [ab]
[cb]

= 4(4)Rµν (4)Rµν +4
(

Φ I
[P| KΦ KJ

J] −Φ IJ
K Φ K

[P J]

)(
Φ[P| N

I ΦM]
NM−ΦN

IMΦ[P M]
N

)
+
(

∂µ Φ IJ
J −2B KJ

µ Φ I
(K J)+B I

µ KΦ KJ
J

)(
∂ µ ΦM

IM−2Bµ
NMΦ(N M)

I +Bµ N
I ΦM

NM
)
.
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Thankyou.
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